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ABSTRACT 

 A nearly-optimal quadrature rule is developed to evaluate integrals over an n-dimensional ball, using an effective 

transformation which maps an n-dimensional ball to an n-dimensional cube and then again to a zero-one n-cube. 

The derivation of this formula over a 2-dimensional ball (circular disc), a 3-dimensional ball (sphere) and an n-

dimensional ball is given along with numerical results for various types of integrals.      
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1. INTRODUCTION 

Integration of complicated functions over a circle 

or a sphere often arises in Computation a Chemis-

try (to evaluate surface integrals over unit sphere), 

while solving partial differential equations over 

circular boundaries (using finite element method 

or boundary element method), etc. Integrals which 

appear in such applications can barely be solved 

analytically, due to the nonlinearity of the boun-

dary. Widespread research has taken place to 

derive numerical integration techniques over regi-

ons with linear boundaries [Bathe, 1996, Davis 

and Rabinowitz, 2007, Hughes, 1987, Sarada 

Jayan and Nagaraja, 2011, Krishnaraj, et al., 

2012, Krishnaraj et al., 2016], integration over 

curved, circular(2-D) and spherical boundaries(3-

D) is a field of ongoing research [Ahrens and 

Beylkin, 2009, Nagaraja and SaradaJayan, 

2012, Navaneethasanthakumar, et al., 2012, 

SaradaJayan and Nagaraja, 2015]. In fact, to 

the authors’ knowledge, quadrature/cubature rules 

over n dimensional regions are seldom found 

[Cools and Rabinowitz 1993, Cools, 1997, 2003, 

Sag and Szekeras, 1964]. In Sag and Szekeras 

[1964], the authors have demonstrated a numeri-

cal method to evaluate high dimensional integrals 

including integrals over an n-dimensional ball, 

using few transformation techniques.  

In this paper also, we use some special transfor-

mations for deriving a quadrature rule to integrate 

functions over an n-dimensional ball. Anyhow, 

the results we got by our proposed method is 

giving much better accuracy than the one given in 

[Sag and Szekeras, 1964] for all dimensions (for 

different values of n). Also, these formulae are 

simple and very easy to apply.  

 

 

The paper is furnished in the following way. 

Section 2 is devoted for mathematical prelimi-

naries required for the understanding of this paper. 

In section 3, using a combination of a polar and a 

linear transformation, we derive an effective qua-

drature rule to integrate a function over a circular 

disc 𝑥2 + 𝑦2 ≤ 𝑎2. A modification of this rule, so 

to reduce the computational cost is also provided 

in this section with comparative results. Section 4 

constitutes a similar derivation of a quadrature 

rule for a sphere 𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2 and in 

section 5, this quadrature rule is extended to an n-

dimensional ball. The results of integration are 

tabulated in each section. Finally, in section 6, we 

present the conclusions. 

2. Mathematical Preliminaries 

2.1. Gaussian and Generalized Gaussian quad-

rature 

An integral is typically approximated by a weig-

hted sum of integrand evaluations in numerical 

integration. 

I[f] = ∫ 𝑓(�̅�)𝑑𝛺
𝛺

≈ ∑ 𝑤𝑖𝑓(�̅�𝒊)𝑀
𝑖=1  = Q [f]       (1) 

The Gaussian quadrature formula is a numerical 

integration formula given by 

∫ 𝑞(𝑥)𝜙(𝑥)𝑑𝑥 ≈ ∑ 𝑤𝑖𝜙(𝑥𝑖)𝑁
𝑖=1

𝑏

𝑎
          (2) 

where𝑥𝑖𝜖[𝑎, 𝑏]are referred to as the nodes and 

𝑤𝑖𝜖𝑹for𝑖 = 1, 2, … , 𝑁, are the weights of the 

Gaussian quadrature formula. 𝑥𝑖and𝑤𝑖 for 

different Gaussian quadrature formulae like Gauss 

Legendre, Gauss Jacobi, Gauss Hermite etc. are 

available in literature. 

The quadrature formula given in Eq. 2 is called a 

classical Gaussian quadrature rule if it integrates 

exactly all polynomials of order up to 2N-1, 

whereas Eq. 2 is said to be a generalized Gaussian 

quadrature rule with respect to a set of functions 
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{𝜙1, 𝜙2, … , 𝜙2𝑁} if it integrates exactly all the 2N 

functions in the set  {𝜙1, 𝜙2, … , 𝜙2𝑁}. 
Table 1 in [8] gives the generalized Gaussian 

quadrature nodes and weights with respect to the 

set of function:    

 {1, 𝑙𝑛𝑥, 𝑥, 𝑥𝑙𝑛𝑥, … , 𝑥𝑁−1, 𝑥𝑁−1𝑙𝑛𝑥}. 

We shall be using these nodes and weights in the 

product formula shown in section 3. 
 

2.2. n-dimensional ball 

An n-dimensional ball with origin as the center and 

radius a is given by 

𝐵𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛)/ ∑ 𝑥𝑖
2 ≤ 𝑎2

𝑛

𝑖=1

} 

where n represents the dimension of the region 𝐵𝑛. 

𝐵2is a circular disc 𝑥1
2 + 𝑥2

2 ≤ 𝑎2 and 𝐵3 

represents a sphere 𝑥1
2 + 𝑥2

2 + 𝑥3
2 ≤ 𝑎2. 

 

2.3. n-dimensional cube 

An n-dimensional cube is given by 

𝐶𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛) | 𝑎1 ≤ 𝑥1 ≤ 𝑏1, 𝑎2 ≤ 𝑥2

≤ 𝑏2, … , 𝑎𝑛 ≤ 𝑥𝑛 ≤ 𝑏𝑛} 

where n represents the dimension of the cube 𝐶𝑛. 

𝐶2is a rectangle and 𝐶3 represents a cuboid. 

An n-dimensional zero-one cube is given by 

𝐶𝑛
∗ = {(𝑥1, 𝑥2, … , 𝑥𝑛) | 0 ≤ 𝑥𝑖 ≤ 1 , 𝑖 = 1,2, … , 𝑛} 

 

3. Numerical Integration over a 2-dimensional 

ball (Circular disc) 

3.1. Derivation of an Integration method to 

integrate a function over a circular disc  

In this section, we illustrate an effective integration 

method to integrate any arbitrary function over a 

circular disc, 𝐵2: 𝑥2 + 𝑦2 ≤ 𝑎2 using the concepts 

in transformation and generalized Gauss quadrature. 
 

Consider the integral: 

𝐼 = ∬ 𝑓(𝑥, 𝑦)
𝐵2

 = ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥
√𝑎2− 𝑥2

−√𝑎2−𝑥2

𝑎

−𝑎
         (3) 

We initially transform the integration domain in 

the integral (3), 𝐵2, to a rectangle and then using a 

linear transformation again transform it to a zero-

one square.  

 

 

Fig.1: Transformation of a x2+y2≤a2  in x-y plane to the  
rectan-gle 0≤r≤a, 0≤𝜽 ≤ 𝟐𝝅 in r-θ plane and then to a 
square 0≤𝝃≤1, 0≤𝛈≤1 in ξ-η plane 

The derivation is as follows: The disc  𝐵2 is trans-

formed to a rectangle 𝑅 = {(𝑟, 𝜃)/0 ≤ 𝑟 ≤ 𝑎, 0 ≤
𝜃 ≤ 2𝜋} in the 𝑟 − 𝜃 plane using the polar 

transformation, 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃 

The Jacobian of the transformation is  
| 𝐽 | = 𝑟 > 0in  𝐵2. 

Hence the integral in Eq. 3 becomes 

I = ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥
√𝑎2−𝑥2

−√𝑎2−𝑥2

𝑎

−𝑎
 

  = ∫ ∫ 𝑓(𝑟 cos 𝜃, 𝑟 sin 𝜃)
2𝜋

0

𝑎

0
𝑟 𝑑𝜃 𝑑𝑟 (4) 

Next the domain of integration in (4), which is a 

rectangle is transformed to a zero-one square in 

the 𝜉 − 𝜂 plane using the linear transformation, 

𝑟 = 𝑎𝜉, 𝜃 = 2𝜋𝜂, which has a Jacobian|𝐽| =
2𝜋𝑎 > 0 
Hence, the integral I in Eq. (4) would be now 𝐼 =

∫ ∫ 𝑓(𝑎𝜉 cos(2𝜋𝜂), 𝑎𝜉 sin(2𝜋𝜂)) 𝑎𝜉 2𝜋𝑎 𝑑𝜂 𝑑𝜉
1

0

1

0
  

Applying the quadrature formula for both the 

integrals, we get   

𝐼 ≈ ∑ ∑ 𝑤1𝑖𝑤2𝑗
2𝜋𝑎2𝜉𝑖

𝑁

𝑗=1

𝑁

𝑖=1

 

𝑓(𝑎𝜉𝑖 cos(2𝜋𝜂𝑗), 𝑎𝜉𝑖 sin(2𝜋𝜂𝑗)) 

≈ ∑ 𝑐𝑚𝑓(𝑥𝑚,  𝑦𝑚) 𝑁2

𝑚=1    (5) 

where  𝑥𝑚 = 𝑎𝜉𝑖 cos(2𝜋𝜂𝑗) ,  

𝑦𝑚 = 𝑎𝜉𝑖 sin(2𝜋𝜂𝑗),   𝑐𝑚 = 𝑤1𝑖𝑤2𝑗
2𝜋𝑎2𝜉𝑖   (6) 

(𝜉𝑖 , 𝜂𝑗) in Eqs. 6 are the node points in (0,1) and 

𝑤1𝑖, 𝑤2𝑗
are their corresponding weights in one 

dimension. Any quadrature points and their corres-

ponding weights can be applied in this formula, 

like the Gauss Legendre, Gauss Jacobi etc. We are 

using the generalized Gaussian quadrature nodes 

and weights given in [Ma et al., 1996] in our app-

roach, as it is proved in [Ma et al., 1996, Nagaraja 

and SaradaJayan, 2012, SaradaJayan and 

Nagaraja, 2011] that these nodes and weights 

give better results compared to any other ones for 

one-dimensional integration as well as for integra-

tion over bounded two-dimensional regions. 

After applying the generalized Gaussian quadra-

ture points and their corresponding weights in Eq. 

6, we get the nodal points (𝑥𝑚, 𝑦𝑚) and the weig- 

hts 𝑐𝑚, which are used in the integration formula 

(Eq. 5) for integrating a function 𝑓(𝑥, 𝑦) over the 

circular disc 𝐵2. The node points (𝑥𝑚, 𝑦𝑚) for the 

unit circle with N=10 (i.e 100 points) is plotted in 

Fig.2. 

 

Fig.2: Distribution of the 100 node points for 
integration in the unit disc x2+y2≤1 using the formula in 
section 3.1.   
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The knowledge of this (𝑥𝑚, 𝑦𝑚, 𝑐𝑚) is sufficient 

for the solver to integrate any function over the 

circular disc 𝑥2 + 𝑦2 ≤ 𝑎2. We have tested a 

variety of functions using the method. Most of 

the functions are giving accurate integral values 

at least up to 10 significant digits. The results of 

integration of some functions over the unit 

circular disc 𝑥2 + 𝑦2 ≤ 1 for N=10 (100 points) 

are tabulated in table 1. 

Table 1:Integration results over the unit circular disc 
x2+y2≤1 with errors 

Integrand Exact solution Integral value 

using Eq.(5) 

Absolut

e Error 

1 3.14159265358979 3.14159265358979 0 

√𝑥2 + 𝑦2 2.09439510239320 2.09439510239320 0 

Exp(√𝑥2 + 𝑦2) 6.28318530717959 6.28318530717966 7.02E-14 

2

1 + √𝑥2 + 𝑦2
 3.85602625314476 3.85602625314438 3.80E-13 

ln(x2+y2+1) 1.21357952701741 1.21357952710252 8.51E-11 

 

3.2. Modified integration method to reduce the 

computational cost 

The derivation of this method is same as the 

method in section 3 with respect to the transfor-

mations used. The only difference is that, while 

applying the quadrature rule in each direction, 

different number of node points (N1, N2) are taken 

in ξ and η directions, thus giving the integral rule 

as, 

𝐼 = ∫ ∫ 𝑓(𝑎𝜉 cos(2𝜋𝜂), 𝑎𝜉 sin(2𝜋𝜂))
1

0

1

0

 

𝑎𝜉 2𝜋𝑎 𝑑𝜂 𝑑𝜉 

I ≈ ∑ ∑ 𝑤1𝑖𝑤2𝑗
  2𝜋𝑎2𝜉𝑖

𝑁2

𝑗=1

𝑁1

𝑖=1

 

𝑓(𝑎𝜉𝑖 cos(2𝜋𝜂𝑗), 𝑎𝜉𝑖 sin(2𝜋𝜂𝑗)) 

≈ ∑ 𝑐𝑚𝑓(𝑥𝑚,  𝑦𝑚) 
𝑁1𝑁2
𝑚=1    (7) 

where, 𝑥𝑚 = 𝑎𝜉𝑖 cos(2𝜋𝜂𝑗) ,   

𝑦𝑚 = 𝑎𝜉𝑖 sin(2𝜋𝜂𝑗),   

𝑐𝑚 = 𝑤1𝑖𝑤2𝑗
2𝜋𝑎2𝜉𝑖      (8) 

Eq. 8 gives the weights and nodes (𝑐𝑚, 𝑥𝑚, 𝑦𝑚) for 

integrating any function over 𝐵2 and Eq. 7 is used 

to evaluate the integral numerically.  

The distribution of nodal points for integration 

(𝑥𝑚 , 𝑦𝑚) on the unit circular disc 𝑥2 + 𝑦2 ≤ 1, 

evaluated using Eq. 8 for N1=5, N2=20 (100 

points) , is shown in Fig.3. 

 

Fig.3: Distribution of the 100 node points for 
integration in the unit disc x2+y2≤1 using the method in 
3.2. (N1=5, N2=20) 

    In the figures, Fig. 2 and 3 we have 100 inte-

gration points. But the distribution of points is 

more uniform in Fig. 3 than in Fig. 2, due to which 

the integral value obtained using Eq. 7 is more 

accurate compared to the integral value obtained 

by Eq. 5. To demonstrate this, we show integration 

of five different type of integrand functions over 

the unit circular disc  𝑥2 + 𝑦2 ≤ 1. The error 

involved in evaluating these functions using both 

the methods along with the number of function 

evaluations required in each case is tabulated in 

Table 2. 

While evaluating integral 𝑓1and 𝑓2, half the num-

ber of points are used by the modified method than 

the first method, even though the accuracy obtai-

ned in both the cases are the same. Whereas for 𝑓2, 

𝑓3and 𝑓4 we have used same number of points 

(m=400) to show that the modified method gives 

almost double accuracy than the first method.  

When we take N1 points along ξ direction and N2 

points along η direction, the distribution of points 

will be on N1 concentric circles, each of which will 

have N2 points on it. Hence depending on the rad-

ius of the circle a, we must decide how to choose 

N1 and N2. 

In all the cases in Table 2, we have taken N1 < N2, 

since for a unit circle the radius (r = 1) is less than 

the angle, θ = 2π.  

4. Numerical Integration over a 3-dimensional 

ball (sphere) 

Here we derive a numerical integration formula 

which can be used to integrate any function over a 

sphere  𝑥2 + 𝑦2 + 𝑧2 ≤ 𝑎2, I = 

∫ ∫ ∫ 𝑓(𝑥, 𝑦,  𝑧) 𝑑𝑧 𝑑𝑦 𝑑𝑥
√𝑎2− 𝑥2− 𝑦2

−√𝑎2−𝑥2− 𝑦2

√𝑎2− 𝑥2

−√𝑎2−𝑥2

𝑎

−𝑎
 (9) 

The domain of integration in Eq. 9 is transformed 

to a cuboid 

0 < r < a, 0 < 𝜑1 <π, 0 <𝜑2< 2π 

in the r- 𝜑1- 𝜑2spaceusing the transformation,    

𝑥 = 𝑟cosφ1, 
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𝑦 = 𝑟 sin 𝜑1 cos 𝜑2 ,        
𝑧 = 𝑟 sin 𝜑1 sin 𝜑2 

The Jacobian of transformation is  

|𝐽| = 𝑟2 sin 𝜑1 > 0  
Hence, Eq. 9 now becomes 

𝐼 = ∫ ∫ ∫ 𝑟2 sin 𝜑1

2𝜋

0

𝜋

0

𝑎

0

 

𝑓(𝑟 cos 𝜑1 , 𝑟 sin 𝜑1 cos 𝜑2 ,  𝑟 sin 𝜑1 sin 𝜑2) 𝑑𝜑2 𝑑𝜑1 𝑑𝑟(10) 

Next we transform the cuboid to a zero-one cube 

in the ξ-η-γ space using the linear transformation 

𝑟 = 𝑎𝜉, 𝜑1 = 𝜋𝜂,  𝜑2 = 2𝜋𝛾 

which gives the Jacobian as |𝐽| = 2𝜋2𝑎 > 0  

𝐼 ∫ ∫ ∫ 2𝜋2𝑎 (𝑎𝜉)2 sin(𝜋𝜂) 𝑓(�̅�(𝜉, 𝜂, 𝛾))𝑑𝛾𝑑𝜂𝑑𝜉

1

0

1

0

1

0

  

Applying the generalized Gaussian quadrature rule 

to this integral with different node points N1, N2 

and N3 along each direction ξ, η and γ respec-

tively, we approximate the integral I as  

𝐼 ≈ ∑ ∑ ∑ 2𝜋2𝑎3(ξ𝑖)
2 sin(𝜋𝜂𝑗)

𝑁3

𝑖3=1

𝑁2

𝑖2=0

𝑁1

𝑖1=1

  

𝑤1𝑖𝑤2𝑗
𝑤3𝑘

   𝑓[𝑎ξ𝑖 cos(𝜋𝜂𝑗) ,   

 𝑎ξ𝑖 sin(𝜋𝜂𝑗) cos(2𝜋𝛾𝑘) ,  𝑎ξ𝑖 sin(𝜋𝜂𝑗) sin(2𝜋𝛾𝑘)] 

∴ 𝐼 ≈ ∑ 𝑐𝑚𝑓(𝑥𝑚,  𝑦𝑚, 𝑧𝑚)
𝑁1𝑁2𝑁3
𝑚=1   (11) 

where  𝑥𝑚 = 𝑎ξ𝑖 cos(𝜋𝜂𝑗) , 𝑦𝑚 =

 𝑎ξ𝑖 sin(𝜋𝜂𝑗) cos(2𝜋𝛾𝑘),    𝑧𝑚 =

𝑎ξ𝑖 sin(𝜋𝜂𝑗) sin(2𝜋𝛾𝑘), 

𝑐𝑚 = 2𝜋2𝑎3(ξ𝑖)2 sin(𝜋𝜂𝑗) 𝑤1𝑖𝑤2𝑗
𝑤3𝑘

        (12) 

By taking the generalized Gaussian quadrature 

points in one dimension as 𝜉𝑖 , 𝜂𝑗 and 𝛾𝑘and their 

corres-ponding weights as 𝑤1𝑖, 𝑤2𝑗
and 𝑤3𝑘

 in 

Eqs. 12, we can evaluate the quadrature points 

( 𝑥𝑚,  𝑦𝑚,  𝑧𝑚) and the weight at these points  𝑐𝑚. 

Using these nodes and weights in Eq. 11, we can 

evaluate the integral of any function over the 

sphere, 𝐵3. 

The distribution of nodal points ( 𝑥𝑚,  𝑦𝑚,  𝑧𝑚) in 

a unit sphere, 𝑥2 + 𝑦2 + 𝑧2 ≤ 1, is plotted in 

Fig.4 and results of integration of some functions 

over this unit sphere, using the proposed method is 

tabulated in Table 3. 

5. Numerical Integration over n-dimensional 

ball 

In this section, we extend our integration 

formula in 2-D and 3-D to n-D.  

To integrate a function over an n-dimensional 

ball 
 

 
Fig.4: Distribution of the quadrature nodes (xm, ym, zm) 

in a unit sphere x2+y2+z2≤1 
 

𝐵𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛)/ ∑ 𝑥𝑖
2 ≤ 𝑎2

𝑛

𝑖=1

}, 

we initially transform 𝐵𝑛 to an n-dimensional 

cube  

𝐶𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛)|0 < 𝑟 < 𝑎, 0 < 𝜑1 < 𝜋 

0 < 𝜑2 < 𝜋, … ,0 < 𝜑𝑛−1 < 𝜋, 0 < 𝜑𝑛 < 2𝜋} 

using the transformation, 𝑥1 = 𝑟 cosφ1  

𝑥2 = 𝑟 sin 𝜑1 cos 𝜑2, 𝑥3 = 𝑟 sin 𝜑1 sin 𝜑2 cos 𝜑3 

𝑥𝑛−1 = 𝑟 sin 𝜑1 sin 𝜑2 sin 𝜑3 … 𝑠𝑖𝑛𝜑𝑛−2 cos 𝜑𝑛−1 

𝑥𝑛 = 𝑟 sin 𝜑1 sin 𝜑2 sin 𝜑3 … 𝑠𝑖𝑛𝜑𝑛−2 sin 𝜑𝑛−1 

The Jacobian of this transformation is  

|𝐽1| = 𝑟𝑛−1 sin𝑛−2 𝜑1 sin𝑛−3 𝜑2 …  𝑠𝑖𝑛𝜑𝑛−2 

Hence, the integral over 𝐵𝑛 would be 

𝐼 = ∫ 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛)
𝐵𝑛

𝑑𝑥𝑛𝑑𝑥𝑛−1 … 𝑑𝑥1

= ∫ ∫ ∫ …
𝜋

𝜑2=0

∫ ∫ 𝐹 𝑑𝜑𝑛−1 … 𝑑𝜑2 𝑑𝜑1 𝑑𝑟
2𝜋

𝜑𝑛−1=0

𝜋

𝜑𝑛−2=0

𝜋

𝜑1=0

𝑎

𝑟=0

 

where, 𝐹 = 𝑓(�̅�(𝑟, 𝜑1, 𝜑2, … ,  𝜑𝑛−1))|𝐽1| 

Next, we apply a linear transformation  

𝑟 = 𝑎𝜉1, 𝜑1 = 𝜋𝜉2, 𝜑2 = 𝜋𝜉3, …, 

𝜑𝑛−2 = 𝜋𝜉𝑛−1, 𝜑𝑛−1 = 2𝜋𝜉𝑛 

to transform 𝐶𝑛 to a zero-one n-cube, 

𝛺 = {(𝜉1, 𝜉2, … , 𝜉𝑛) | 0 ≤ 𝜉𝑖 ≤ 1, 𝑖 = 1,2, … , 𝑛}. 

The Jacobian of this transformation is: 

|𝐽2| = 2𝜋𝑛−1𝑎. Now, the integral will be 

𝐼 = ∫ ∫ … ∫ 𝐺 𝑑𝜉𝑛 … 𝑑𝜉2 𝑑𝜉1

1

𝜉𝑛=0

1

𝜉2=0

1

𝜉1=0
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𝐺 = 𝑓(�̅�(𝑎𝜉1, 𝜋𝜉2, 𝜋𝜉3, … , 𝜋𝜉𝑛−1, 2𝜋𝜉𝑛))|𝐽1||𝐽2| 

Taking N1,N2,…, Nn quadrature points along 

the 𝜉1, 𝜉2, … 𝜉𝑛 directions respectively, we get 

the integral as, 

𝐼 ≈ ∑ ∑ … ∑ 𝑤1

𝑖1𝑤2

𝑖2 … 𝑤𝑛

𝑖𝑛

𝑁𝑛

𝑖𝑛=1

𝑁2

𝑖2=1

𝑁1

𝑖1=1

 

𝑓 (�̅�(𝑎𝜉
1
𝑖1 , 𝜋𝜉

2
𝑖2 , 𝜋𝜉

3
𝑖3 , … , 𝜋𝜉

𝑛−1
𝑖𝑛−1 , 2𝜋𝜉

𝑛
𝑖𝑛)) |𝐽1||𝐽2| 

where�̅� = (𝑥1, 𝑥2, … , 𝑥𝑛) 

∴ 𝐼 ≈ ∑ 𝑐𝑚𝑓(𝑥1𝑚
, 𝑥2𝑚

, … , 𝑥𝑛𝑚
)

𝑁1𝑁2… 𝑁𝑛
𝑚=1  (12) 

where,  

𝑐𝑚 = 2 𝑎𝑛 (𝜋𝜉1
𝑖1)𝑛−1 sin𝑛−2(𝜋𝜉2

𝑖2) sin𝑛−3(𝜋𝜉3
𝑖3) … 

sin(𝜋𝜉𝑛−1
𝑖𝑛−1) 𝑤1

𝑖1𝑤2
𝑖2 … 𝑤𝑛

𝑖𝑛 

𝑥1𝑚
= 𝑎𝜉1

𝑖1cos (𝜋𝜉2
𝑖2) 

𝑥2𝑚
=  𝑎𝜉1

𝑖1 sin(𝜋𝜉2
𝑖2) cos (𝜋𝜉3

𝑖3) 

𝑥3𝑚
=  𝑎𝜉1

𝑖1 sin(𝜋𝜉2
𝑖2) sin(𝜋𝜉3

𝑖3) 𝑐𝑜𝑠 (𝜋𝜉4
𝑖4) … 

𝑥𝑛−1𝑚 = 𝑎𝜉1
𝑖1 sin(𝜋𝜉2

𝑖2) sin(𝜋𝜉3
𝑖3) … sin(𝜋𝜉𝑛−1

𝑖𝑛−1) cos (2𝜋𝜉𝑛
𝑖𝑛) 

𝑥𝑛𝑚
= 𝑎𝜉1

𝑖1 sin(𝜋𝜉2
𝑖2) sin(𝜋𝜉3

𝑖3) … sin(𝜋𝜉𝑛−1
𝑖𝑛−1) sin (2𝜋𝜉𝑛

𝑖𝑛)
  

The above set of equations gives the weights 

and nodes required for integration (using Eq. 

12) of any function 𝑓(𝑥1, 𝑥2, … , 𝑥𝑛) over an n-

dimensional ball. 

Table 4 gives results for the constant test 

function 𝑓(𝑥) = 2−𝑛 for dimensions from 2 to 5 

[Krishnaraj et al., 2016] over a unit n-sphere.  

7. Conclusions 

In this paper, we introduce a general numerical 

method for constructing nearly-optimal quadrature 

rules over an n-dimensional ball. The strength and 

efficiency of the formula is due to the transfor-

mation used in its derivation. Due to this transfor-

mation, the distribution of the nodal points is in a 

circular fashion like its boundary and this distribu-

tion leads to good numerical results over 2-dimen-

sional ball(disc), 3-dimensional ball and n-dimens-

ional ball. Any programming language or any 

mathematical software can be used to obtain the 

nodes, weights and the integral value of a function 

over an n-dimensional ball. Tabulated values in 

the paper show that the integration rule proposed 

here gives a very good accuracy for almost all 

functions including transcendental functions.  

Applications of the present method in solving 

boundary value problems are underway and the 

results will be reported in the future. 
 

Table 2: Comparison of errors and number of function 
evaluations while finding the integrals using the 
methods in section3 and section 4𝑓1 = 𝑥 + 𝑦; 𝑓2 =

sin (𝑥 + 𝑦);𝑓3 = 𝑥4 + 𝑦3;𝑓4 =
𝑥4+𝑦3

1+𝑥2 ;𝑓5 = −2𝑥 + 8𝑦 +

10𝑥2 − 12𝑥𝑦 + 10𝑦2 − 12𝑥3 − 60𝑥𝑦2 − 12𝑦3 +
36𝑥3𝑦 + 36𝑥𝑦3

Integrand Exact solution 

Method in section 3.1 Method in section 3.2 

Absolute Error 
Number of function 

evaluations 

Absolute 

Error 

Number of function 

evaluations 

𝑓1 0 1.37E-15 20×20=400 2.80E-15 5×10=50 

𝑓2 0 1.48E-9 20×20=400 2.09E-15 10×40=400 

𝑓3 0.392699081698 5.79E-11 20×20=400 0 10×40=400 

𝑓4 0.246386078944 8.12E-06 20×20=400 6.96E-10 10×40=400 

𝑓5 15.70796326794 4.71E-11 20×20=400 4.74E-11 10×20=200 

 

Table 3: Integral values using the proposed method over x2+y2+z2≤1 

Integrand Exact solution Absolute Error Number of function evaluations  

1

23
 0.5235987755982 0.3E-14 10×20×20 = 4000 

√𝑦2 + 𝑧2𝑒𝑥𝑝(𝑥/3) 2.490326881282 5.9E-14 10×20×20 = 4000 

𝑥 √𝑦2 + 𝑧2 0 1.6E-15 10×20×20 = 4000 

√𝑥2 + 𝑦2 + 𝑧2 3.141592653589 1.3E-13 10×20×20 = 4000 

(𝑦2 + 𝑧2)𝐶𝑜𝑠(𝑥) 1.559110909311 3.1E-13 10×20×20 = 4000 

 

Table 4:Results of integration of f(x)=2-n over n-sphere 

Dimension(n) Exact solution 
Results using proposed method 

Computed Value Absolute Error 

2 0.7853981633974 0.7853981633974 4.1E-15 
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3 0.5235987755983 0.5235987755983 1.9E-14 

4 0.3084251375340 0.3084251375339 4.9E-14 

5 0.1644934066848 0.1644934167508 1.0E-08 
 

REFERENCES  

Ahrens, C., G. Beylkin, Rotationally invariant 

quadratures for the sphere, Proc. R. Soc. A 

465: 3103-3125 (2009). 

Bathe, K.J., Finite Element Procedures, Prentice 

Hall, Englewood Cliffs, NJ (1996). 

Cools, R., An encyclopedia of Cubature formulas, 

Journal of complexity 19: 445-453 (2003).\ 

Cools, R., Constructing cubature formulae: the 

science behind the art. Acta Numerica 6: 1-54 

(1997). 

Cools, R., P. Rabinowitz, Monomial cubature 

rules since Stroud: A compilation, Journal of 

Computational and Applied Mathematics 48: 

309-326 (1993). 

Davis, P.J., P. Rabinowitz, Methods of Nume-

rical Integration, Courier Dover Publications 

(2007). 

Hughes, T.J.R., The Finite Element Method, 

Static and Dynamic Analysis, Prentice Hall, 

Englewood Cliffs, NJ (1987). 

Krishnaraj, C., Divinesh, P., Mohaideen O M 

Characterization of Silicon Carbide and Fly 

Ash in LM13 Aluminum Alloy Matrix Com-

posites. International Journal of Vehicle Stru-

ctures and Systems [S.l.] 8(2): (2016). 

Krishnaraj, C., K.M. Mohanasundram and S. 

Navaneethasanthakumar, Implementation Study 

Analysis of Ftfmea Model in Indian Foundry 

Industry. Journal of Applied Sciences Resea-

rch 8(2): 1009-1017 (2012). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ma, J., V. Rokhlin, S. Wandzura, Generalized 

Gaussian Quadrature rules for systems of 

arbitrary functions. SIAM J. Numer. Anal. 33 

(3): 971-996 (1996). 

Nagaraja, K.V., SaradaJayan, Generalized Gau-

ssian quadrature rules over regions with para-

bolic edges, International Journal of Compu-

ter Mathematics 89: 1631-1640 (2012). 

Navaneethasanthakumar, S. et al., Forward 

kinematics analysis of SCORBOT ER v Plus 

using lab VIEW. European Journal of 

Scientific Research 4: 549-557 (2012). 

Sag, T.W., G. Szekeras, Numerical Evalua-tion of 

High-Dimensional Integrals, Math. Comp. 18: 

245-253 (1964). 

SaradaJayan, K.V. Nagaraja, A General and 

Effective Numerical Integration method to 

evaluate triple integrals using Generalized 

Gaussian Quadrature, Procedia Engineering, 

127: 1041-1047 (2015). 

SaradaJayan, K.V. Nagaraja, Generalized Gau-

ssian Quadrature rules over two dimensional 

regions with linear edges, Applied Mathema-

tics and Computation 217: 5612-5621 (2011). 


