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ABSTRACT

A nearly-optimal quadrature rule is developed to evaluate integrals over an n-dimensional ball, using an effective
transformation which maps an n-dimensional ball to an n-dimensional cube and then again to a zero-one n-cube.
The derivation of this formula over a 2-dimensional ball (circular disc), a 3-dimensional ball (sphere) and an n-

dimensional ball is given along with numerical results for various types of integrals.
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1. INTRODUCTION

Integration of complicated functions over a circle
or a sphere often arises in Computation a Chemis-
try (to evaluate surface integrals over unit sphere),
while solving partial differential equations over
circular boundaries (using finite element method
or boundary element method), etc. Integrals which
appear in such applications can barely be solved
analytically, due to the nonlinearity of the boun-
dary. Widespread research has taken place to
derive numerical integration techniques over regi-
ons with linear boundaries [Bathe, 1996, Davis
and Rabinowitz, 2007, Hughes, 1987, Sarada
Jayan and Nagaraja, 2011, Krishnaraj, et al.,
2012, Krishnaraj et al., 2016], integration over
curved, circular(2-D) and spherical boundaries(3-
D) is a field of ongoing research [Ahrens and
Beylkin, 2009, Nagaraja and SaradaJayan,
2012, Navaneethasanthakumar, et al., 2012,
SaradaJayan and Nagaraja, 2015]. In fact, to
the authors’ knowledge, quadrature/cubature rules
over n dimensional regions are seldom found
[Coolsand Rabinowitz 1993, Cools, 1997, 2003,
Sag and Szekeras, 1964]. In Sag and Szekeras
[1964], the authors have demonstrated a numeri-
cal method to evaluate high dimensional integrals
including integrals over an n-dimensional ball,
using few transformation techniques.

In this paper also, we use some special transfor-
mations for deriving a quadrature rule to integrate
functions over an n-dimensional ball. Anyhow,
the results we got by our proposed method is
giving much better accuracy than the one given in
[Sag and Szekeras, 1964] for all dimensions (for
different values of n). Also, these formulae are
simple and very easy to apply.

The paper is furnished in the following way.
Section 2 is devoted for mathematical prelimi-
naries required for the understanding of this paper.
In section 3, using a combination of a polar and a
linear transformation, we derive an effective qua-
drature rule to integrate a function over a circular
disc x2 + y? < a?. A modification of this rule, so
to reduce the computational cost is also provided
in this section with comparative results. Section 4
constitutes a similar derivation of a quadrature
rule for a sphere x?+y?+2z%2<a? and in
section 5, this quadrature rule is extended to an n-
dimensional ball. The results of integration are
tabulated in each section. Finally, in section 6, we
present the conclusions.

2. Mathematical Preliminaries

2.1. Gaussian and Generalized Gaussian quad-
rature

An integral is typically approximated by a weig-
hted sum of integrand evaluations in numerical
integration.

IIfl=J, f@®de ~ZZiwifE)=Q[1 (1)
The Gaussian quadrature formula is a numerical
integration formula given by

[, ae@dx ~ L wig(x)  (2)
wherex;e[a, b]are referred to as the nodes and
w;eRfori = 1,2,...,N, are the weights of the
Gaussian quadrature formula. x;andw; for
different Gaussian quadrature formulae like Gauss
Legendre, Gauss Jacobi, Gauss Hermite etc. are
available in literature.

The quadrature formula given in Eq. 2 is called a
classical Gaussian quadrature rule if it integrates
exactly all polynomials of order up to 2N-1,
whereas Eqg. 2 is said to be a generalized Gaussian
quadrature rule with respect to a set of functions
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{p1, D, ..., don} if it integrates exactly all the 2N
functions in the set {¢4, ¢, ..., Pon}-
Table 1 in [8] gives the generalized Gaussian
guadrature nodes and weights with respect to the
set of function:

{1, Inx, x, xInx, ..., xV=1, x¥"1Inx}.
We shall be using these nodes and weights in the
product formula shown in section 3.

2.2. n-dimensional ball
An n-dimensional ball with origin as the center and
radius a is given by

n
BTl = {(xl,x'z, ,xn)/z xiz S az}
i=1

where n represents the dimension of the region B,,.
B,is a circular disc x;2 + x,2 < a? and B
represents a sphere x;2 + x,2 + x3% < a®.

2.3. n-dimensional cube

An n-dimensional cube is given by

> .

Fig.1: Transformation of a x>+y?<a? in x-y plane to the
rectan-gle 0<r<a, 0<0 < 2m in r-0 plane and then to a
square 0<€<1, 0<n<1in &-n plane

>

The derivation is as follows: The disc B, is trans-
formed to a rectangle R = {(1,60)/0 <r <a,0 <
0 < 2m} in the r—6 plane using the polar
transformation, x = rcos @, y = rsinf
The Jacobian of the transformation is
|J|=7r>0in B,.
Hence the integral in Eq. 3 becomes
Va2 _—+2

1= [* [ s f(x,y) dy dx

= foa fomf(r cos@,rsin@)rdfdr (4)
Next the domain of integration in (4), which is a
rectangle is transformed to a zero-one square in
the & — n plane using the linear transformation,
r = a&, 0 = 2mn, which has a Jacobian|/| =
2ma >0
Hence, the integral I in Eq. (4) would be now I =
fol folf(af cos(2mn), a sin(2mn)) aé 2ma dn d&
Applying the quadrature formula for both the
integrals, we get

N N
I~ ZZWliWZjZHaZEi

i=1j=1

f(afl- cos(2m]j), aé; sin(2m]j))

where x,, = a¢; cos(2mn;) ,

Y = QE;SINRTN)), = Wi W, 2ma%E; (6)
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Cn ={(x1, %2,y x0) | @1 S 1 S by,a; S xp
< by, ..,a, < x, < by}
where n represents the dimension of the cube C,,.
C,is a rectangle and C5 represents a cuboid.
An n-dimensional zero-one cube is given by
C," ={(x, %9, 00, %) |0<x; <1,i=1,2,..,n}

3. Numerical Integration over a 2-dimensional
ball (Circular disc)

3.1. Derivation of an Integration method to
integrate a function over a circular disc

In this section, we illustrate an effective integration
method to integrate any arbitrary function over a
circular disc, B,:x? + y2 < a? using the concepts
in transformation and generalized Gauss quadrature.

Consider the integral:

2_ 42

1=, fy) = [ [ fanfendyde ()
We initially transform the integration domain in
the integral (3), B, to a rectangle and then using a
linear transformation again transform it to a zero-
one square.
(§i,m;) in Egs. 6 are the node points in (0,1) and
wli,wzjare their corresponding weights in one

dimension. Any quadrature points and their corres-
ponding weights can be applied in this formula,
like the Gauss Legendre, Gauss Jacobi etc. We are
using the generalized Gaussian quadrature nodes
and weights given in [Ma et al., 1996] in our app-
roach, as it is proved in [Ma et al., 1996, Nagaraja
and SaradaJayan, 2012, SaradaJayan and
Nagaraja, 2011] that these nodes and weights
give better results compared to any other ones for
one-dimensional integration as well as for integra-
tion over bounded two-dimensional regions.

After applying the generalized Gaussian quadra-
ture points and their corresponding weights in Eq.
6, we get the nodal points (x,,, y,,) and the weig-
hts c,,, which are used in the integration formula
(Eq. 5) for integrating a function f(x,y) over the
circular disc B,. The node points (x,,, y»,) for the
unit circle with N=10 (i.e 100 points) is plotted in
Fig.2.
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Fig.2: Distribution of the 100 node points for
integration in the unit disc x2+y?<1 using the formula in
section 3.1.
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The knowledge of this (x;,,, yi, ¢;r) 1S Sufficient
for the solver to integrate any function over the
circular disc x? + y? < a?. We have tested a
variety of functions using the method. Most of
the functions are giving accurate integral values
at least up to 10 significant digits. The results of
integration of some functions over the unit
circular disc x? + y2 < 1 for N=10 (100 points)
are tabulated in table 1.

Table 1:Integration results over the unit circular disc
x>+y?<1 with errors

Integrand Exact solution Integral value Absolut
using Eq.(5) e Error
1 B.1415926535897913.14159265358979 0
JxZz+y2  P.094395102393202.09439510239320 0

Exp(y/x% + y?) p.28318530717959/6.28318530717966 | 7.02E-14
2

7 B.856026253144763.85602625314438 | 3.80E-13
1+ /x2+y2

In(®+y*+1)  [.21357952701741[1.21357952710252 | 8.51E-11

3.2. Modified integration method to reduce the
computational cost

The derivation of this method is same as the
method in section 3 with respect to the transfor-
mations used. The only difference is that, while
applying the quadrature rule in each direction,
different number of node points (N1, N) are taken
in & and n directions, thus giving the integral rule
as,

1,1
I = f f f(a& cos(2mn), aé sin(2mn))
0 Y0

aé 2ma dn dé
N; N,

I~ ZZW“WZJ 2ma’§;

i=1j=1

f(aé; cos(2mn;), a&; sin(2mn;))
~ Zivnlsz Cmf (m, ym) (7)
where, x,, = aé; cos(2mn;) ,
Ym = a;sin(2mn;),
Cm = Wliwzj2na2€i (8)
Eqg. 8 gives the weights and nodes (c¢;,,, Xy, Vin) fOr
integrating any function over B, and Eq. 7 is used
to evaluate the integral numerically.
The distribution of nodal points for integration
(X, ¥m) ON the unit circular disc x? + y? <1,
evaluated using Eq. 8 for Ni=5, N;=20 (100
points) , is shown in Fig.3.
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Fig.3: Distribution of the 100 node points for
integration in the unit disc x2+y?<1 using the method in
3.2. (N1=5, N»=20)

In the figures, Fig. 2 and 3 we have 100 inte-
gration points. But the distribution of points is
more uniform in Fig. 3 than in Fig. 2, due to which
the integral value obtained using Eqg. 7 is more
accurate compared to the integral value obtained
by Eq. 5. To demonstrate this, we show integration
of five different type of integrand functions over
the unit circular disc x? +y2 < 1. The error
involved in evaluating these functions using both
the methods along with the number of function
evaluations required in each case is tabulated in
Table 2.

While evaluating integral fiand f,, half the num-
ber of points are used by the modified method than
the first method, even though the accuracy obtai-
ned in both the cases are the same. Whereas for f,
fzand f, we have used same number of points
(m=400) to show that the modified method gives
almost double accuracy than the first method.
When we take N1 points along & direction and N>
points along n direction, the distribution of points
will be on N; concentric circles, each of which will
have N points on it. Hence depending on the rad-
ius of the circle a, we must decide how to choose
N1 and No.
In all the cases in Table 2, we have taken N; < Na,
since for a unit circle the radius (r = 1) is less than
the angle, 0 = 2.
4. Numerical Integration over a 3-dimensional
ball (sphere)
Here we derive a numerical integration formula
which can be used to integrate any function over a
sphere x*+y?+ 2% <a? I =
AVa2— 2 2_y2_ 42

o 12 ey f 0y, 2) dz dy dx (9)
The domain of integration in Eq. 9 is transformed
to a cuboid

O<r<a0<q, <t 0<@,<2r
in the r- ¢, - @, spaceusing the transformation,

X = 1rCoS®,
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y = rsing4 cos @,,
z = rsingq sing,
The Jacobian of transformation is
|J]| =r?sing, >0
Hence, Eqg. 9 now becomes

f(rcos@q,7sin@, cos @,, rsin @, sin @,) de, de, dr(10)
Next we transform the cuboid to a zero-one cube
in the &-n-y space using the linear transformation
r=a, ¢, =7n, P, = 21y

which gives the Jacobian as |J| = 2n%a > 0

111

1] [ [ 2naasy? sinGon £, yayands

00O

Applying the generalized Gaussian quadrature rule

to this integral with different node points Ni, N2
and N3 along each direction &, n and y respec-

tively, we approximate the integral | as
Ny Ny N3

I~ Z Z Z 2m?a® (§;)? sin(mn;)
i1=1i7=0i3=1
W1iW2jW3k flag; C05(7T77j),

ag; sin(myj) cos(2myy), ag;sin(mn;) sin(2my;)]
~ = Z*:me cmf Cmy Ymo Zm) (11)
where x,,, = ag; cos(nn;), ym =
a§; sin(nn;) cos2myy), zy =
ag; sin(m]j) sin(2myy),

Cm = 2173 (§)* sin(mn;) wywy w3, (12)

By taking the generalized Gaussian quadrature
points in one dimension as &;,n; and y,and their

corres-ponding weights as wy;, wzjand wg, in

Egs. 12, we can evaluate the quadrature points
(%m, Ym» Zm) and the weight at these points c,,.
Using these nodes and weights in Eq. 11, we can
evaluate the integral of any function over the
sphere, Bs.

The distribution of nodal points ( x,,, Ym, Zm) IN
a unit sphere, x? +y?+2z% <1, is plotted in
Fig.4 and results of integration of some functions
over this unit sphere, using the proposed method is
tabulated in Table 3.

5. Numerical Integration over n-dimensional
ball

In this section, we extend our integration
formula in 2-D and 3-D to n-D.

To integrate a function over an n-dimensional
ball

Pak. J. Biotechnol.

10
Fig.4: Distribution of the quadrature nodes (Xm, ym, Zm)
in a unit sphere x2+y?+z2<1

n
i=1

we initially transform B,, to an n-dimensional
cube
Cp={(x, x5, ., x)|I0<7r<a0< @, <m
0<p,<m.0<@,1<m0<q, <2t}
using the transformation, x, = r cosg,

X, = T Sin @, COS @Y,, X3 = T Sin @4 sin @, cos Y3
Xp—1 = T Sin @, sin @, sin @5 ... sing,,_, c0S ¢,,_4
Xp = T sin @4 sin @, sin Qs ... sin@,_, sin @, _
The Jacobian of this transformation is
[Ji] = r™1sin™ 2 @, sin™ 3 @, ... sing@,,_,

Hence, the integral over B, would be

= | flxq,xq ., xy)dx,dxy_q ...dx

Bn
a s s
T 21
= J J J J j Fdg,_;..dp,de;dr
r=0gi=0"“270 g, lp=0 #7170

where, F = f(X(r, 1, 92, -, ¢n-1))IN1l
Next, we apply a linear transformation
T =aéy, @1 =W, P = T3, .y
Pn-2 = Tép_1, Pn-1 = 27y
to transform C,, to a zero-one n-cube,
0N={(,&,....5)]10<¢&<1,i=12,..,n}
The Jacobian of this transformation is:

IJ,| = 2r™ 1a. Now, the integral will be
1 1 1

f G dE, ..dE, d&,

§1=08,=0 &p=0
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G = f(f(afl' T[{TZ' 7T53' ey

Taking Ni,No,...,

the $1,$5, ...
the integral as,

Y

in=1

l1—1 l2—1
f (Y(as‘?,ns‘?,ns‘?,
wherex = (x4, x5, ...
.7 . wNiNy . Ny
N S i

where,
=2a" (ﬂfll)n 1

» Xn)

Conf (X1, X2,y 05

&n—1,210) ) 1112

Nn quadrature points along
&, directions respectively, we get

grt, 2men) ) U 12|

Xnp) (12)

n"~ 2(71{' )sm” 3(716 )

sin(mé,") wy?

X, = afilcos(nféz)

Xop = afil sin(nféz) cos(rrféﬁ)

X3m

Xn-t1, = aflil sin(nféz) sin(nfé )

= a&* sin(mé?) sin(nL) cos(néL) .

51n(7r§l" 1) cos(2n§n")

Xn,, = a&;* sin(néR) sin(nfé ) sm(nf‘" 1) sin(2mé,")

The above set of equations gives the weights
and nodes required for integration (using Eg.
12) of any function f(x4,x3, ...,

dimensional ball.

X,) OVer an n-

Generalized gaussian ........... 427

Table 4 gives results for the constant test
function f(x) = 27" for dimensions from 2 to 5
[Krishnaraj et al., 2016] over a unit n-sphere.

7. Conclusions

In this paper, we introduce a general numerical
method for constructing nearly-optimal quadrature
rules over an n-dimensional ball. The strength and
efficiency of the formula is due to the transfor-
mation used in its derivation. Due to this transfor-
mation, the distribution of the nodal points is in a
circular fashion like its boundary and this distribu-
tion leads to good numerical results over 2-dimen-
sional ball(disc), 3-dimensional ball and n-dimens-
ional ball. Any programming language or any
mathematical software can be used to obtain the
nodes, weights and the integral value of a function
over an n-dimensional ball. Tabulated values in
the paper show that the integration rule proposed
here gives a very good accuracy for almost all
functions including transcendental functions.
Applications of the present method in solving
boundary value problems are underway and the
results will be reported in the future.

Table 2: Comparison of errors and number of function
evaluations while finding the integrals using the
methods in section3 and section 4f;, =x+y; f, =
sin(x + y);fs =x* +y3,f, = xl:yz fs =—2x+8y+
10x% — 12xy + 10y? — 12x3 — 60xy? — 12y +
36x3y + 36xy3

Method in section 3.1 Method in section 3.2
Integrand | Exact solution Number of function | Absolute | Number of function
Absolute Error - .
evaluations Error evaluations
fi 0 1.37E-15 20x20=400 2.80E-15 5x10=50
f2 0 1.48E-9 20x20=400 2.09E-15 10x40=400
f3 0.392699081698 5.79E-11 20%20=400 0 10x40=400
fa 0.246386078944 8.12E-06 20%20=400 6.96E-10 10x40=400
fs 15.70796326794 4.71E-11 20x20=400 4.74E-11 10x20=200
Table 3: Integral values using the proposed method over x2+y?+z2<1
Integrand Exact solution Absolute Error Number of function evaluations
1
3 0.5235987755982 0.3E-14 10x20%20 = 4000
Jy? + z2exp(x/3) 2.490326881282 5.9E-14 10x20%20 = 4000
xy? + z2 0 1.6E-15 10x20%20 = 4000
JxZ +y2 + 22 3.141592653589 1.3E-13 10x20%20 = 4000
(y? + z%)Cos(x) 1.559110909311 3.1E-13 10x20%20 = 4000

Table 4:Results of integration of f(x)=2" over n-sphere

Dimension(n)

Results using proposed method

Exact solution

Computed Value

Absolute Error

2

0.7853981633974

0.7853981633974

4.1E-15
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3 0.5235987755983 | 0.5235987755983 1.9E-14
4 0.3084251375340 | 0.3084251375339 4.9E-14
5 0.1644934066848 | 0.1644934167508 1.0E-08
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